Riemann’s Crucial Insight
From Bernhard Riemann’s habilitation dissertation, On the Hypotheses Which Lie at the Foundations of Geometry, translated by Henry S.
White, in David Eugene Smith, ed., A Source
Book in Mathematics (New York: Dover Publications, 1959):
It is well known that geometry presupposes not only the concept of space but also
the first fundamental notions for constructions
in space as given in advance. It gives only nominal definitions for them, while the essential
means of determining them appear in the form of
axioms. The relation of these presuppositions is left in
the dark; one sees neither whether and in how far their connection is
necessary, nor a priori whether it is possible.
From Euclid to Legendre, to name the most renowned of modern
writers on geometry, this darkness has been lifted neither by the mathematicians nor by the philosophers who have labored upon it. The
reason of this lay perhaps in the fact that the general concept of multiply extended magnitudes, in which spatial magnitudes are comprehended, has not been elaborated at all. Accordingly I have proposed to
myself at first the problem of constructing the concept of a multiply
extended magnitude out of general notions of quantity. . . .
[In conclusion:] This path leads out into the domain of another science, into the realm of physics, into which the nature of this present
occasion forbids us to penetrate.
tion of music, we are confronted with the essential distinction of the department of metaphor from generally
accepted notions of bare mathematics as such.
However, there is another aspect of the comparisons
between the two, one which is entirely crucial: ultimately, metaphor is the actual department of reality,
while sense-perception is merely the shadow cast by
the object of the experience which is actually real. It is
within that reality in which the domain of the music of
Bach, Nikisch, and Furtwängler actually resides as a
prophet of mankind’s future.
What we should add, at this point, is where the efficiency, if we may call it that, of Classical musical composition and its performance, actually resides. The fact
that, for many perhaps, the actually Classical principles
of music dwell “outside the domain” of the literal notes,
should have warned us, which is real music, and which
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III. How The System ‘Thinks’
Among the more or less disastrous errors which ordinary mathematics practices tend to induce, there is
the commonplace, actually silly presumption, that the
organization of the Solar System, and, hence, whatever
contains the popular notion of the organization of the
Solar System, is “true.” The fact of the matter is what
Bach, Nikisch, and Furtwängler have indicated, to be
quite the opposite arrangement.
The fact is, that living processes contain non-living
ones, and that merely living processes are confined
within the bounds of human creativity. To make the
point clearer, I recapitulate, the same case I have indicated earlier. I add some “bite.”
To present the relevant thought in relatively simple
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